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“Sommerfeld Enhancement”

In many dark matter scenarios, the DM candidates are self
interacting.

When the mediator 1s light (compared to DM), reaction cross
sections are substantially modified by their fixed ordered
estimations. \

“Sommerfeld enhancement”

Plays an important role 1n:

1. Annihilation cross section (relic abundance/indirect
detection)

2. Production cross section (ME/PT at colliders)

3. direct detection (?) (probably not)
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Theory

Essentially an application of the DWBA to obtain effects of
initial state or final state interactions.

Starting point: V' = Vg + Vipel
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Born Approx. Distorted wave Born approx.

fDWBA ~ _(27T)2mred<pf; eX&Ct) Only Vél‘%nel“%a exact, OIl].y ‘/;1>
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Theory

Essentially an application of the DWBA to obtain effects of
initial state or final state interactions.

Starting point: V' = Vg + Vipel
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Born Approx. Distorted wave Born approx.

fDWBA ~ _(27T)2mred<pf; eX&Ct) Only ‘/el“/ine”pia exact, OIl].y ‘/;1>

Rescaling: dopwgpa = ¢ X doga  onlyif  Vige = g x 6®(x — x)
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Theory
fowea & —(27r)2mred(pf, exact, only Vel\gé(?’)\pz-, exact, only V)
— _(27r)2mredg 'lppl.wave(o)*'lpexact(o)

fea = —(27)*Mea(ps|96® |D;)
— _(27T)2mredg‘¢p1.wave.(0)‘2

Cross section: O[%} = |4 (6,8)]|"
‘ 'lpexact ( ) ‘ :
dopwsa ~ ;doBA
‘ 'lppl.wave ( ) ‘
Sommerfeld
enhancement factor
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Determining the Sommerfeld Enhancement

Task 1s to evaluate the ratio of the distorted stationary
wavefunction relative to the plane wave at the origin.

a0 |
To partial waves: (%L _ %7 Y kZ -l |l =0
radial elastic radial wave-
potential function
u(r) = crtt r—0
uy(r) — e sin(kr — £ /2 + 6) r — 00
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Determining the Sommerfeld Enhancement

Task 1s to evaluate the ratio of the distorted stationary
wavefunction relative to the plane wave at the origin.

a2 |
To partial waves: (%L _ %7 Y kZ -l |l =0
radial elastic radial wave-
potential function
u(r) = crtt r—0
uy(r) — e sin(kr — £ /2 + 6) r — 00

Methods I've seen:

- directly integrate this equation
- or integrate the Riccat1 form.

Both deal directly with the wavefunction.
Instead, work with the phase and the amplitudes separately.
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Variable phase method

F. Calogero, 1967.

Starting point:
‘7* - 7‘ - hhpatel .net/notes
_Given potential U(r), define ascocoted teuncated prkental  UCrsp). Vol XIV, §6
- ' Ule),  r<p —
Uiy =4 0 Sh ———ra
g r=p

o
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Variable phase method

. . F. Calogero, 1967.
Starting pomt'

e hhpatel .net/notes
Given pojrevxﬁa ) '\](r‘) d,(’,'ﬁ’f‘,e,,@ﬁgﬁf’d ,TFMQ@PQ,ﬁa%enﬁa‘i B U“jf)- - Vol XIV, 86

T :
r o

Work with the regular scattering solution:

742 ()c, F;I[D)ingida e ¢,€ (le/ "f) r S P

7{; e, r)'f’)mmae = o((k;}oMg g,t(!(5f) ‘I\L("C‘”> + an_i(k)-[o) ?h(’éd] r>p
1% ! d

V\ﬁ\,\, 1 N
B ;ﬁ’:f:t;ie Phoce Function.
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Variable phase method

. . F. Calogero, 1967.
Starting pomt'

S — hhpatel .net/notes
Given po’renm , 'J(F) _define_ascoc oted  teuncated prlental  Ur5p) Vol XIv, §6

T o
r o

Work with the regular scattering solution:

742 ()C/ r;{o)ingida e ¢,€ (le/ ’T) r S P

A ls Dpsse = 2lhip)| s S5 p) Rulke) + sin S,065,) k)] T >p
Y ! d

L
T/ ‘\\
Ame)i bude Phose Function.
o -Funr‘HOw

Equate behavior of the solutions at the truncation point.

fﬂk';_é_?f (ki p) [0 5, (430 3, ) + ) ) | 00

b e, 1=p) = ol P)/c}-Cos.Sﬁ ,,a;wfwrsnu(, m,(/cpﬂ (x)
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Variable phase method

Eliminate a(k;p) and solve for phase function:

/ U(p) > . - ?
6'(k;p) = — L | cos 0¢(k; p)7:(kp) + sin d,(k; p)7re(kp)

BC: ,(k,0) = 0, integrate to infinity.
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Variable phase method

Eliminate a(k;p) and solve for phase function:

6'(k; p) = U]i,o) cos 0,(k; p)7e(kp) + sin 8,(k; p)7e(kp) :

BC: ,(k,0) = 0, integrate to infinity.

Differentiate (¥), and set equal to (¥¥)

?{{,c /0> = ,/o) cos Si(( I‘j)]?(’éi’) -+ SAS (/c a) ﬁg(@)] (*)

,v,é;i‘flf) r:,P\) = «lk; /D /C}‘@S gﬁ 11”) j,!(“‘f) + _g[ "‘L\ ’\j‘l\lf(/(ﬁ)l ('%X-)

Solve for amplitude function

o'(kip)  —U(p)
a(k; p) k

BC: a,(k,0) = 1, integrate to infinity.

(cos 8,7¢ + Sin 8,71, ) (sin 6,7, — cos 8,71,

Once the phase function is known, the amplitude function follows from a first integral.
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Variable phase method

10

Example: vU(r) = — e
Phase shift Amplitude function
5@(]86; p) /=0 a,(k; p) £=0

k=0.1

i 7 .

0.4}

i k=2
10 02] 10
—100 : 100

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0.0 0.5 1.0 1.5 2.0 25 3.0 0 2 4 6 8 10

Truncation point, p Truncation point, p

Sommerfeld enhancement factor?

Compare large r behavior of regular solution with that of physical scattering solution.

1
¢ = a(k; 00)? dJDWBA = C X dopa
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Variable phase method
Properties:
- Solve for any wavenumber £ (rel. velocity)
= Solve for any partial wave £.

- Stable and fast.

10 seconds with Mathematica’s NDSolve [ ]
(5000 parameter points)
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Variations

It elastic potential has a long range component, the variable phase
equations need to be integrated out to large distances (slow):

Cases:

1. Elastic potential 1s superposition of Coulomb and short
range potentials

solution: 'Truncate just short range part: all Goulomb
scattering functions are known analytically.

2. FElastic potential generated by extremely light mediator
(near Goulomb limit)

solution: Make small-mass asymptotic expansions of
phase and amplitude function (Taylor’s theorem).
(Open research problem) R Taylor. Nuovo Cim Vol 23 (1974) 313 ieatel.net/notes

Vol XIV, §7
» UMASS VAl
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Variations
3. More elaborate scenarios: dark matter 1s component of
multiplet (internal/gauge symmetry).
solution: Multichannel problem

suggestion: For 2 or 3 channels, diagonalize S-matrix analytically,
write variable phase equations for eigenphase
functions and mixing parameter

6y (k; p) = ... o'y (k;p) = ...
6y (k; p) = ... oV (k;p) = ...
e'e(k;p) = ... 0's(k;p) = ...

For more channels, numerically diagonalize S-matrix
numerically for each p.
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Vision

Goal:

Automate the generation of variable phase equations for any
realistic problem.

Input: -BCs atp ~ 0
. . CAS .
Potential (matrix) | > - Construct set of equations
- Select method, and range
Output a program valid Feed into codes (relic
for any k and &, |::> abundance, indirect det,
(G, Fortran, Mathematica) etc.)

Hiren Patel 12 EMHERSS§ '\ ) AC Fl



Backup
V = ‘/el + V—inel

'Two-potential formula:

1. For mnelastic processes
0X=--) or (- =xY);

exact scattering exact amplitude,

amplitude 1 Vinel = Qo -
f(exact) = f(exact; only Vq)
2
—(27)*myeq(Dy, exact, only Vii|Vine|p:, exact)
exact outgoing stationary exact incoming
state 1f Vinel = 0 stationary

scattering state

2. Approximate: |p;, exact) & |p;, exact, only V)

f(exact) ~ —(27)°m.ea(Ds, €xact, only Vi |Vina|p;, exact, only V)

(DBWA)
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